A split extension of monoids with kernel k : N → G, cokernel e : G → H and splitting s : H → G is Schreier if there exists a unique set-theoretic map q : G → N such that for all g ∈ G, g = kq(g) · se(g). Schreier extensions have a complete characterization and have been shown to correspond to monoid actions of H on N . If the uniqueness requirement of q is relaxed, the resulting split extension is called weakly Schreier. A natural example of these is the Artin glueings of frames. In this paper we provide a complete characterization of the weakly Schreier extensions of H by N , proving them to be equivalent to certain quotients of N × H paired with a function that behaves like an action with respect to the quotient. Furthermore, we demonstrate the failure of the split short lemma in this setting and provide a full characterization of the morphisms that occur between weakly Schreier extensions. Finally, we use the characterization to construct some classes of examples of weakly Schreier extensions.
Introduction
It is well understood that for groups H and N , the semidirect product construction provides an equivalence between actions of H on N and split extensions of H by N . The same cannot be said when H and N are replaced with monoids, however monoid actions do correspond naturally to a certain class of split extensions of monoids, the Schreier split extensions. These extensions of monoids were first alluded to in [7] and were first studied explicitly in [6] , where their relationship to actions was established. We brielfy sketch one direction of this relationship below.
A Schreier extension N G H k e s is a split extension in which for all g ∈ G, there exist unique n ∈ N and h ∈ H such that g = k(n) · s(h). When it is not required that n and h be unique, we call the resulting split extension weakly Schreier.
Given a Schreier extension N G H k e s , we can associate to it a set-theoretic map q which satisfies that for all g ∈ G, g = kq(g) · se(g). From q we can construct an action α : H × N → N where α(h, n) = q(s(h)k(n)), which can then be used to define a multiplication on the set N × H given by (n, h) · (n ′ , h ′ ) = (n · α(h, n), hh ′ ). The result is a monoid (N × H, ·, (1, 1)) isomorphic to G via ϕ : (N × H, ·, (1, 1)) → G, where (n, h) is sent to k(n) · s(h).
S-protomodularity. Pointed protomodular categories (see [3] and [1] ) may be thought of as categories with will behaved split extensions. The study of Schreier split extensions motivated a more relaxed notion, that of pointed S-protomodularity, where only a restricted class S of split extensions need be well behaved [4] .
Just what properties this class S must satisfy has not been firmly established. When inspiration is taken from Schreier split epimorphisms we require that, in addition to other properties, S be closed under the taking of finite limits. However in [2] , a situation is considered in which this property is relaxed. The latter situation captures the case of weakly Schreier extensions whereas the former does not. For this reason one might wonder whether there is good motivation for the study of weakly Schreier extensions. In the following paragraphs we justify their study.
Artin glueings as weakly Schreier extensions. The Artin glueing of two frames N and H along a finite meet preserving map f : H → N , is a well known construction which returns the frame pairs (n, h) satisfying that n ≤ f (h) with componentwise meet and join [8] .
In [5] it was shown that in the category of frames with finite meet preserving maps, Artin glueings are equivalent to a certain class of split epimorphisms. A split epimorphism N G H k e s belongs to this class if and only if there exists a set theoretic map q : G → H such that for all g ∈ G, g = kq(g) ∧ se(g). Despite this q not being unique, there is always a distinguished q given by the left adjoint of the kernel k.
Note that the category we are considering is a full subcategory of the category of monoids where we consider frames to be monoids with operation given by the finite meet. Then Artin glueings of H by N precisely correspond to the weakly Schreier extensions of H by N which occur in this subcategory.
Along with Schreier extensions, Artin glueings provide natural example of weakly Schreier extensions and motivate their study.
Outline. In this paper we provide a complete classification of the weakly Schreier extensions of H by N proving them equivalent to certain quotients of N × H, equipped with something that behaves like an action relative to the quotient. Further, we demonstrate the failure of the split short five lemma and provide a complete classification of the morphisms that occur between two weakly Schreier extensions. Finally we provide some techniques for constructing weakly Schreier extension. First by generalising the Artin glueing construction and then by considering the coarsest quotient compatible with our construction.
Hopefully, with the better understanding of weakly Schreier extensions that this paper provides, we might make progress towards resolving certain issues surrounding S-protomodularity.
Weak semidirect products
Inspired by the semidirect product construction for Schreier extensions, we consider a related construction in the weakly Schreier setting. Recall that if n and h are required to be unique, then the extension is called Schreier.
Notice that if k(n) · s(h) = g = k(n ′ ) · s(h ′ ), then applying e yields h = e(g) = h ′ . Thus for an extension to be weakly Schreier, we could equivalently require only that for each g ∈ G, there exists an n ∈ N such that g = k(n) · se(g).
We thus arrive at the following simple proposition. Notice that if we apply this property to k(n) for some n ∈ N , we have that k(n) = kqk(n) · sek(n) = kqk(n).
Since k is injective we find that n = qk(n), and so q is a retraction of k.
Inspired by [4] we call such a map q, an associated Schreier retaction of N G H k e s . In the weakly Schreier setting there may be many associated Schreier retactions. When the extension is Schreier q will be unique. 
Thus we can consider the map ℓ :
, the equivalence class of (n, h) with respect to E(e, s). Naturally we have a bijection ϕ : (N × H)/E(e, s) → G such that ϕℓ = ϕ, and so we can consider its inverse ϕ −1 .
Before we equip (N × H)/E(e, s) with a multiplication let us study some of its properties.
Proposition 2.6. Let N G H k e s be a weakly Schreier extension. If (n 1 , h 1 ) ∼ (n 2 , h 2 ) in E(e, s),
Proof. Let (n 1 , h 1 ) ∼ (n 2 , h 2 ), then we have that k(n 1 ) · s(h 1 ) = k(n 2 ) · s(h 2 ). Applying e to both sides yields h 1 = h 2 as required.
Proposition 2.7. Let N G H k e s be a weakly Schreier extension. If (n 1 , 1) ∼ (n 2 , 1) in E(e, s),
Proof. Let (n 1 , 1) ∼ (n 2 , 1), then we have that k(n 1 ) · s(1) = k(n 2 ) · s(1). Since s(1) = 1 this gives that k(n 1 ) = k(n 2 ) which further implies that n 1 = n 2 , as k is injective.
Combining proposition 2.6 and proposition 2.7 we get that for each n ∈ N , the equivalence class [n, 1] is a singleton. Proof. Let (n 1 , h) ∼ (n 2 , h), then we have that k(n 1 ) · s(h) = k(n 2 ) · s(h). Hence k(n) · (k(n 1 ) · s(h)) = k(n) · (k(n 2 ) · s(h)) and (k(n 1 ) · s(h)) · s(h ′ ) = (k(n 2 ) · s(h)) · s(h ′ ) which gives that (nn 1 , h) ∼ (nn 2 , h) and that (n 1 , hh ′ ) ∼ (n 2 , hh ′ ).
For the monoid structure of N × H/E(e, s), we have it inherit its multiplication and identity from G, through ϕ -that is, we define
). The identity is readily seen to be [1, 1] . By construction ϕ preserves multiplication and so we see that ((N × H)/E(e, s), ·, [1, 1] ) is isomorphic to G.
For convenience, we now let (N × H)/E(e, s) denote the monoid ((N × H)/E(e, s), ·, [1, 1] ) and we might think of it as a weaker notion of a semidirect product. We call this construction a weak semidirect product of H by N . This choice of terminology will be fully justified in section 4 after the full characterization of weakly Schreier extensions.
In fact Proof. Since ϕ is an isomorphism of monoids we need only check that it is a morphism of weakly Schreier extensions.
Observe that ϕk ′ (n) = ϕ([n, 1]) = k(n) · s(1) = k(n) and that ϕs
Finally consider e ′ ϕ −1 (g). We know that ϕ −1 (g) gets sent to a pair [n, h] such that k(n) · s(h) = g. Apply e to both sides and we get h = e(g), which then means that e ′ ϕ −1 (g) = e(g) as required. Recall that the semidirect product construction (as in [6] ) applied to the above Schreier extension, gives (N × H, ·, (1, 1)) where (n, h) · (n ′ , h ′ ) = (n · q(s(h)k(n ′ )), hh ′ ). Let us show that this agrees with our weak semidirect product construction on weakly Schreier extensions.
Let N G H k e s be a Schreier extension, let ϕ be defined as above and consider (N × H)/E(e, s).
Observe that the Schreier condition gives that (n, h) ∼ (n ′ , h ′ ) if and only if (n, h) = (n ′ , h ′ ). Thus N × H/E(e, s) as a set is just the product N × H. This agrees with the semidirect product construction and so we must just show that the two constructions agree on multiplication.
For our weak semidirect product we define (n, h)
Per the definition of q we see that kq(s(h)k(n)) · s(h) = s(h) · k(n). Thus
Thus we see that the weak semidirect product construction agrees with the semidirect product construction on Schreier extensions.
Example 2. (Artin glueings)
Artin glueings are our primary examples of weakly Schreier extensions that are not Schreier. Artin glueings are usually considered as subobjects of the product and not quotients. In this example we discuss how an Artin glueing can also be viewed as a quotient of the product.
Let N, G and H be frames considered as monoids, with multiplication given by meet, and consider a weakly Schreier extension N G H k e s . As we showed in [5] , k necessarily has a left adjoint k * which is an associated Schreier retraction and, in fact, is itself a monoid map. Furthermore we showed that s must be the right adjoint of e, e * . Now let ϕ : N × H → G be defined in the usual way and let us consider the equivalence classes it generates. We know that kk * (g) ∧ e * e(g) = g and thus the equivalence class corresponding to each g has a canonical choice of representative given by (k * (g), e(g)). This allows us to represent the inverse
Using the fact that for all g we have that g ≤ e * e(g), we apply k * to both sides and arrive at k * (g) ≤ k * e * e(g). This means that all of the canonical elements (k * (g), e(g)) are elements of Gl(k * e * ).
Thus (n, h) = (k * (k(n) ∧ e * (h)), e(k(n) ∧ e * (h))) and so we conclude that the canonical representatives are precisely the pairs in Gl(k * e * ).
Looking at the prescribed multiplication on N × H/E(e, s) we see
This means that when we are dealing with the canonical representations of each class, multiplication is just taking the meet component-wise.
Taken together we see that (N × H)/E(e, s) is isomorphic to Gl(k * e * ) as required.
Split Short Five Lemma
In split extensions of groups and Schreier extensions of monoids the so called split short five lemma holds.
It says that when given two split extension
is a morphism of split extensions, then ψ is an isomorphism. This does not hold for morphisms of weakly Schreier extensions. In this section we study the morphisms of WSExt(H, N ) before providing a complete characterization of them in section 4.
s 2 be two weakly Schreier extensions, 
Notice that this is in agreement with the Schreier case, as there the equivalence classes are all singletons and so theorem 3.1 implies that any morphism between Schreier extensions must be the identity.
From theorem 3.1 we can conclude that any morphism between weakly Schreier extensions must be unique. We thus arrive at the following corollary. Theorem 3.1 does not by itself demonstrate that the split short five lemma fails in the case of weakly Schreier extensions. In the following section we will completely determine the conditions which yield a morphism between two weakly Schreier extensions. For now we will demonstrate the failure by exhibiting a non-isomorphism between two extensions of Artin glueings.
Example 3. (Artin glueings)
Let N and H be frames, f, g : H → N meet preserving maps and ψ : Gl(f ) → Gl(g) a morphism of the following extensions.
Applying our results in [5] to the above diagram we get that, k 1 (n) = (n, 1), k 2 (n) = (n, 1), s 1 (h) = (f (h), h) and s 2 (h) = (g(h), h).
Since ψ is a morphism of split extensions we have that ψ(n, 1) = (n, 1) and ψ(f (h), h) = (g(h), h). This is enough to completely determine ψ as we have
However to ensure consistency we require that (n, 1) = ψ(n, 1) = (n ∧ g (1), 1) and that
The former expression will always be true, but the latter is true if and only if g ≤ f .
Thus whenever g ≤ f , then ψ as described above will be a morphism of weakly Schreier extensions. It is evident that this ψ is not an isomorphism.
Characterizing weakly Schreier extensions
In the Schreier case, extensions correspond to actions α : H × N → N , which are used to construct a multiplication on the set N × H. If we are to do something similar in the weakly Schreier case we will be looking to define a multiplication on some quotient of N × H. The question then is, what are the appropriate quotients to consider and how can we induce the appropriate monoid operations? In what proceeds we will make use of the axiom of choice, though it is likely that with some care, it can be completely eliminated. Here we take inspiration from propositions 2.6 to 2.8 and consider only the quotients Q of N × H whose corresponding equivalence relation satisfy these conditions. (1) (n 1 , 1) ∼ (n 2 , 1) implies n 1 = n 2 ,
Then the induced quotient N × H/E we call an admissible quotient.
Given an admissible quotient Q on N × H we write (n, h) ∼ Q (n ′ , h) to mean that (n, h) belongs to the same equivalence class as (n ′ , h).
Notice that when h has a right inverse, condition (1) and (4) together imply the following. In particular this means that for groups, the only admissible quotient will be the discrete one. This is consistent with the observation that nothing like weakly Schreier extensions have been observed in the setting of groups.
We now consider an action of N on Q and an action of H on Q, which will be well-defined thanks to conditions (3) and (4) 
Proof. We must show that
Now we know that
Notice that in general kq(s(h)k(n)) · s(h) = s(h) · k(n) and so the above expression simplifies to k(n 1 ) · s(h 1 ) · k(n 2 ) · s(h 2 ) as required.
This presentation of the multiplication suggests that something resembling the actions of the Schreier case will play an equally crucial role in defining the multiplication on Q. Further note that all associated Schreier retractions q, will yield the same multiplication.
Let α : H × N → N send (h, n) to q(s(h)k(n)) and let us study its properties. Proof. Suppose that (n 1 , h) ∼ (n 2 , h) and consider the following calculation.
Since ϕ is injective we must have that
Similarly we have the following proposition. Next we show that α satisfies conditions analogous to being an action in the Schreier case. Proof. In order to prove that these classes are equal we show that ϕ maps them to the same element of G.
Thus consider
And then consider
As discussed above this gives that Proof. We need only show that ϕ maps each class to the same element. Consider the following.
Compare it to the following. Similarly we get the following result. Let us now call an action, a compatible pre-action which satisfies the above properties. 
Let us again draw attention to this definition as it applies to groups. By proposition 4.2, the only admissible quotient is discrete and so conditions (1) and (2) are immediately satisfied. The remaining four conditions then reduce to requiring that α be an action in the traditional sense. This same argument gives that α must be an action in the Schreier setting.
Let Act Q denote the set of actions with respect to Q.
Given a quotient Q and an action α ∈ Act Q we can equip Q with a multiplication as follows. For associativity consider
And compare it to
Thus this operation is indeed associative and so Q becomes a monoid. It is clear that ek = 0, and further that the image of k is precisely the submonoid sent to 1. Thus for any t : X → G satisfying et = 0, it must map into the image k. It is clear then that t factors uniquely through k.
Next suppose we have a map t : Q → X satisfying tk = 0. tractions. Then if α(h, n) = q(s(h)k(n)) and α ′ (h, n) = q ′ (s(h)k(n)) we have that α ∼ α ′ in Act Q /∼.
Proof. We must show that ϕ send [α(h, n), h] to the same thing it sends [α ′ (h, n), h] to. Simply consider the calculation kα(h, n) · s(h) = s(h) · k(n) = α ′ (h, n) · s(h).
In order to show that the above forms a complete characterization of the weakly Schreier extensions between H and N and to simultaneously characterise the morphisms of WSExt (H, N ) , we introduce the following preorder. 
, which proves that our description of ψ is well-defined.
Next we need that ψ preserves the operation. In order to prove this we make use of the fact that (Q,
It is apparent that ψ makes the required diagram commute and so in totality is a morphism of split extensions. Thus S preserves the order as required. (h, n) , h) ∼ E2 (α 2 (h, n), h).
Suppose that (n, h) ∼ E1 (n ′ , h). This means that k 1 (n) · s 1 (h) = k 1 (n ′ ) · s 1 (h ′ ). In order to show that (n, h) and (n ′ , h ′ ) are related in E 2 , we must show that k 2 (n) · s 2 (h) = k 2 (n ′ ) · s 2 (h ′ ). Consider
In order to show that the second condition holds consider the following calculation.
) and so T preserves the order.
Finally we now show that the functors T and S form an equivalence of categories. Proposition 2.9 and proposition 4.3 together give us that ST is equivalent to the identity and so we can shift our attention to T S. = kα(h, n) · s(h).
Thus [α] = [α ′ ], which then finally gives that T S is the identity.
We thus have a full characterization of all weakly Schreier extensions in Mon as well as a characterization of the morphisms between them given by the following corollary. Thus α is equivalent to the trivial action and so multiplication in Q α is given by
This is of course in agreement with our findings on Artin glueings.
In the subcategory of Abelian groups where all admissible quotients must be discrete we then find that the only weakly Schreier extension is the direct product.
Constructing examples
In this section we concern ourselves with the practicalities of constructing weakly Schreier extensions.
5.1.
Generalising the Artin glueing. We present a construction reminiscent of the Artin glueing, for weakly Schreier extensions of H by N , where N is commutative. Proof. It is immediately apparent that (n, 1) ∼ (n ′ , 1) implies that n = n ′ and that (n, h) ∼ (n ′ , h ′ ) implies that h = h ′ . If (n 1 , h) ∼ (n 2 , h) then we get n 1 · f (h) = n 2 · f (h). Multiplying both sides on the left by n yields n · n 1 · f (h) = n · n 2 · f (h) which gives then that (nn 1 , h) = (nn 2 , h) for all n ∈ N . If instead we multiplied both sides of the equation on the right by f (h ′ ) and use that f is a monoid homomorphism we see that (n 1 , hh ′ ) ∼ (n 2 , hh ′ ) for all h ′ . Thus E induces an admissible quotient as required. First suppose that (n 1 , h) ∼ (n 2 , h) and consider (n 1 · α(h, n), h) and (n 2 · α(h, n), h). In order to show that they are related in E we consider the following.
Similarly if we let (n, h ′ ) ∼ (n ′ , h ′ ) we can consider (α(h, n), hh ′ ) and (α(h, n ′ ), hh ′ ). We perform a similar calculation
and see that indeed (α(h, n), hh ′ ) ∼ (α(h, n ′ ), hh ′ ). Thus α is a compatible preaction.
The final four conditions follow immediately from the definition of α.
Notice that two monoid homomorphisms f, g : H → N may yield the same weakly Schreier extension. In fact when N is right-cancelative, each homomorphism f : H → N yields the usual product N × H. To see this consider the admissible quotient given by E as in proposition 5.1. If we assume H is equipped with the discrete order then each equivalence class [n, h] has a smallest element given by (n ∧ f (h), h).
The set of these representatives is easily seen to be Gl(f ). As discussed in proposition 4.2, if h ∈ H has a right inverse, then (n, h) ∼ (n ′ , h) implies that n = n ′ . Taking this and the fact that (n, h) ∼ (n ′ , h ′ ) must imply that h = h ′ as our only constraints and identifying everything where able, we can construct a quotient which, if admissible, will be the coarsest admissible quotient on N × H. First some preliminary results.
Let L(H) ⊆ H be the subset of left units -that is, elements h with right inverses and let L(H) be the the set of elements which are not left units. Proof. The identity is its own right inverse and so belongs to L(H). If x, y ∈ L(H) and xx * = 1 and yy * = 1, then xyy * x * = 1 and so xy ∈ L(H). Similarly if x, x ′ ∈ L(H) we get that [α(xx ′ , n), xx ′ ] = α(x, α(x ′ , n)), xx ′ ] implies α(xx ′ , n) = α(x, α(x ′ , n)), as xx ′ ∈ L(H).
Finally it is easy to see that these same arguments give that α(1, n) = n and α(x, 1) = 1.
This result tells us that in general there are some maps α : H × N → N such that no admissible quotient makes it an action.
We also get the following corollary. Proof. Supose y ∈ L(H) and let x ∈ H. Then if yx(yx) * = 1, that would imply that x(yx) * was a right inverse for y, contradicting the fact that y ∈ L(H). Proof. Since 1 ∈ L(H) we immediately get that (n, 1) ∼ (n ′ , 1) implies that n = n ′ . It is also not hard to see that (n, h) ∼ (n ′ , h ′ ) implies that h = h ′ irrespective of where h and h ′ come from. Now suppose (n 1 , h) ∼ (n 2 , h). If h ∈ L(H) then n 1 = n 2 and so for all n ∈ N and h ′ ∈ H we have (nn 1 , h) = (nn 2 , h) and (n 1 , hh ′ ) = (n 2 , hh ′ ).
If instead h ∈ L(H) it is immediate that for all n ∈ N , (nn 1 , h) ∼ (nn 2 , h). For h ′ ∈ H we have that hh ′ ∈ L(H) as L(H) is a right ideal and so (n 1 , hh ′ ) ∼ (n 2 , hh ′ ). The first compatibility condition in definition 4.10 says that whenever (n 1 , h) ∼ (n 2 , h) that (n 1 α(h, n), h) ∼ (n 2 α(h, n), h) for all n ∈ N . If h ∈ L(H) then n 1 = n 2 and so this holds. If h ∈ L(H) then all elements are related and so this also holds.
The second compatibility condition requires that if (n 1 , h ′ ) ∼ (n 2 , h ′ ) then (α(h, n 1 ), hh ′ ) ∼ (α(h, n 2 ), hh ′ ) for all h ∈ H. Now again if h ′ ∈ L(H), n 1 = n 2 and we have that the condition is satisfied. If h ′ ∈ L(H) then hh ′ ∈ L(H) as L(H) is a two-sided ideal. Thus (α(h, n 1 ), hh ′ ) ∼ (α(h, n 2 ), hh ′ ), as all such elements are related.
We know that α| L(H)×N is an action of L(H) on N and so we have that for all x ∈ L(H) and n, n ′ ∈ N : Since Q is the coarse quotient we have that for all y ∈ Y and n, n ′ ∈ N .
(1) [α(y, nn ′ ), y] = [α(y, n)α(y, n ′ ), y],
(2) [α(y, 1), y] = [1, y].
Since L(H) and L(H) are complements this means that the only condition remaining is to check that for all h, h ′ ∈ H and n ∈ N we have that [α(hh ′ , n), hh ′ ] = [α(h, α(h ′ , n)), hh ′ ]. Now if either h ∈ L(H) or h ′ ∈ L(H) we will have hh ′ ∈ L(H) which will immediately give equality. If neither h nor h ′ are elements of L(H) then they both belong to L(H) and so using the fact that α| L(H)×N is an action of L(H) on N we have that [α(hh ′ , n), hh ′ ] = [α(h, α(h ′ , n)), hh ′ ]. Thus α is compatible with the coarse quotient Q.
If N = {1} and L(H) is not an ideal then there exist elements y ∈ L(H) and x ∈ L(H) such that xy ∈ L(H). Now given some function α : H × N → N , for the second compatibility condition to hold we need in particular that (n 1 , y) ∼ (n 2 , y) implies that (α(x, n 1 ), xy) ∼ (α(x, n 2 ), xy) which must then imply that α(x, n 1 ) = α(x, n 2 ) for all n 1 , n 2 ∈ N . But we also know that α(x, 1) = 1 and so α(x, n) = 1 for all n. Now let x * be the left inverse of x. We know that for all n ∈ N we have This is a contradiction and so α cannot be compatible with Q.
Whenever H is finite, commutative, a group or has no inverses at all, then this right ideal L(H) will be a two-sided ideal. Similarly if H is a monoid of n × n matrices over a field, then this same property holds. Observe that the submonoid L(H) is actually the group GL(n, K). Thus we can consider the map α : H × N → N where α(B, A) = BAB −1 whenever det(B) = 1 and α(B, A) = A otherwise. This is clearly an action of GL(n, K) on N .
Note that the right ideal L(H) is a two-sided ideal due to the multiplicative nature of the determinant. Thus this map α is compatible with the coarsest quotient Q.
This provides our first example of a weakly Schreier extension with a non-trivial quotient and non-trivial action.
Example 6. Suppose that besides the identity H has no elements with right inverses. Then the disjoint union N ⊔ (H − {1}) can be equipped with the following multiplication and made a monoid. Let n, n ′ ∈ N and h, h ′ ∈ H − {1}. Then (1) n · n ′ = n · N n ′ , where Q is the coarse quotient on N × H and α(h, n) = n. The isomorphism is given by sending n to [n, 1] and h to [1, h] .
Crucial in the proof of these last few results is that we have partitioned the elements of H into a submonoid and an ideal. Ideal's whose complements are submonoids are called prime. We can generalise the above results for any prime ideal Y . Replace the coarse quotient with a new quotient Q in which for y ∈ Y we have that (n, y) ∼ (n ′ , y) for all n, n ′ ∈ N and for x ∈ H − Y we have that (n, x) ∼ (n ′ , x) implies that n = n ′ . Crucially a non-trivial prime ideal can never contain a left unit, for if it did it would contain the identity. Thus Q is seen to be admissible and the above results can be seen to equally apply to this construction.
